For rudder angle servo mechanism in steer-by-wire (SBW) system of pleasure boats, this paper presents a sliding mode controller with continuous control input. The sliding mode control theory is applied to the controller so as to have high robustness against the normal pressure of a rudder, which is regarded as an unknown disturbance. Designed with the twisting algorithm and the describing function method, a switching input of the proposed controller could enforce a switching function into a limit cycle. As a price of abandoning the perfect sliding mode, the proposed controller can bring not infinite-frequency switching input but continuous control input. As a result, the improvement of the load of the actuator in SBW system can be achieved.
Introduction
In the sea around Japan, the number of vessels involved in the marine accidents in fiscal 2009 has decreased by nearly 20 % compared with the mean for the period of the Japanese second traffic safety master plan (fiscal 1976-1980) . The tendency resulted from the effectiveness of preparation and operation for the next-generation navigation support system, which utilizes Automatic Identification System (AIS). However, the pleasure boats in marine accidents has dramatically increased by as much as 3-fold. Pleasure boat is the general term denoting motor boats, sailboats, personal water crafts, and other small vessels used by individuals for sport and recreation. The tendency of the pleasure boats resulted from the rise of beginner captains associated with explosive popularization of marine leisure in Japan (1) .
A factor of the increase in the accidents for pleasure boats is assumed to be complicated maneuverability, which can bother beginner captains that they might not steer their intended course especially in critical avoidance of obstacles. The beginner captains should gain experience by practice, since the maneuverability can complicatedly vary according to navigation condition, such as the propeller revolution and the rudder angle. Therefore, for the pleasure boats like the training boat "ASAMA" shown in Fig. 1 , our study group has begun to engage on the development of an steer-by-wire (SBW) system, which is expected to progress pleasure boat stability and maneuverability and so on compared with manual hydraulic steering system shown in Fig. 2 . The functions of SBW system for pleasure boats are similar to those for vehicles (2) - (6) . Figure 3 shows a mechanics of SBW system for pleasure boat, and the rudder angle servomechanism is surrounded by a dotted line in the figure. From information on the helm angle and the attitude of the pleasure boat, the electronic control unit (ECU) estimates the desired rudder angle and drives the electric actuator. The rudder angle servomechanism is required to make the rudder angle follow a desired value accurately.
One problem in the design of the controller for the servomechanism is nonlinearity due to the hydraulic cylinder and the geometrical relationship of the steering mechanism. The other problem is that the normal pressure of the rudder acts as disturbance in the servomechanism. The disturbance could deteriorate the pleasure boat stability. It is difficult to estimate the disturbance exactly, since the disturbance can intricately be changed by various factors, such as the rudder angle and the effective rudder inflow velocity. Therefore, the controller needs to have compensation for the nonlinearity and to have robustness against the disturbance.
The sliding mode control is well known for the high robustness against modeling errors and disturbances (7) . However then, the conventional sliding mode control with a relay input could occur overload of actuators due to the high-frequency switching, which would deteriorate mechanical and electric endurance of actuators. Over the last decade, the second order sliding mode control have received a lot of attention in perspective of the possibility of using continuous control laws (8) - (11) .
With the twisting algorithm and the describing function method, a sliding mode controller with continuous control input so as to improve overload of the electric actuator is presented in this paper. The twisting algorithm is one of the algorithms for the second order First, the mathematical model of the rudder angle servomechanism regarded as the plant is introduced. And the plant is strictly linearized by a nonlinear feedback. For the linearized plant, the switching function is defined in order to eliminate the influence of the disturbance. With the twisting algorithm and the describing function method, a switching input is designed in order to enforce the switching function into a desired limit cycle in the vicinity of the switching surface. As a price of abandoning the perfect sliding mode, the continuous control input to improve the overload of the actuator is obtained. Finally, the effectiveness of the proposed sliding mode controller is investigated with numerical simulation. Figure 4 shows the outline of the rudder angle servo mechanism. The helm pump, which is an axial pump, supplies high-pressure fluids when the captain turns the helm. The hydraulic cylinder to get its power from the pressurized hydraulic fluids change the rudder angle δ(t). The mathematical model of the helm pump is given by
Modeling of Rudder Angle Servomechanism
where ( ) t θ is the rotation angle of the drive shaft connected with the electric actuator, q(t) is the flow of the pressurized hydraulic fluids, and d V is the swept volume per revolution of the pump. In this study, the rotation angle ( ) t θ is regarded as the control input ( ) u t of the rudder angle servomechanism.
By the equation of continuity, the flow ( ) q t is described as follows. A is the area of the piston, ( ) y t is the displacement of the piston, and κ is the bulk modulus, 1 ( ) V t and 2 ( ) V t are the volume of each chamber as follows.
Calculating the integral of Eqs. (3) and (4) yields
where 0 p is the pressure of the hydraulic cylinder in initial condition. Then, the piston rod transfers the force
where c η is the thrust efficiency, p m is the mass of the piston, and p c is the coefficient of the viscosity resistance. By the geometric relationship between the rudder and the hydraulic cylinder shown in Fig. 4 , the displacement of the hydraulic cylinder ( ) y t is described as follows.
where ) (t δ is the rudder angle, l is the length of the hydraulic cylinder in initial condition, l d is the length from the rotational axis of the rudder to the that of the hydraulic cylinder, and ( ) t φ is the rotation angle of the one end of the hydraulic cylinder as follows.
( )
The equation for motion of the rudder is given by
where J is the moment of inertia for the rudder, r c is the friction coefficient, ( ) N P t is the normal pressure of the rudder as shown in ( )
Combining the mathematical models for each elements of the servomechanism represents the plant as the block diagram shown in Fig. 6 . Yielding the moment on center of
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about the rotational axis of the rudder for the servomechanism. If the disturbance were estimated with sufficient accuracy, the controller could include a feedforward input for the disturbance. However, the estimation can become difficult, because the normal pressure ( ) N P t and its center ( ) r d t can complicatedly vary with the navigation condition (12) . Therefore, the disturbance is regarded as an unknown in this study.
Controller Design

Strictly linearization via nonlinear feedback
The first obstacle of the controller design is the compensation of the nonlinearity for the hydraulic steering mechanics. The linear approximation of the nonlinearity would bring not only a simple control law but also large modeling error. The relay gain of the switching input needs to be sufficient large against the modeling error. As a result, the overload of the actuator could increase. Then, this study will strictly linearize the plant via a nonlinear feedback as shown in Fig. 7 .
The plant can be strictly linearized as follows
is regarded as unknown disturbance. 
Definition of switching function
To define a switching function, the linearized plant Eq. (15) will be described by the state space model. Then, using a state vector
the state space model of the plant is given by 
The control input f of the state space model is designed as
where the first term 0 ( ) f t in Eq. (19) is a feedback control input to design an ideal servo performance. For instance, the input is derived from the following state feedback control ( ) α > and ( ) z t is an auxiliary variable, whose dynamics can be described as follows.
(23) Figure 8 shows the block diagram of the sliding mode control loop with the switching function Eq. (22) .
In order to analyze the sliding mode with the equivalent control method (7) , set the time
where 1 ( ) eq f t is the equivalent control input of 1 ( ) f t , and should fulfill
Since Eq. (25) is satisfied, the motion equation of the plant in the sliding mode will be
From this equation, it can be seen that there is no influence of the disturbance in the sliding mode of the switching function Eq. (22).
Design of switching input with conventional method
The switching input ) Fig. 8 is designed as follow relay input.
where the relay gain 0 γ > is determined so as to occur the sliding mode. With the Lyapunov's stability theorem, the existence condition of the sliding mode for the relay gain γ can be given below. When a function 
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For the existence of the sliding mode in a sense of the Lyapunov's stability, the relay gain γ should satisfy the following inequality.
In § 4 Numerical Simulation, the conventional input will be an objective of comparison to verify effectiveness of the proposed design method in the next section.
Design of switching input with the twisting algorithm and the describing function method
To decrease high-frequency switching with continuous control input, the switching control input 1 ( ) f t shown in Fig. 8 is designed as follows. as shown in Fig. 9 . For the nonlinear feedback system, the describing function method (13) gives the existence condition for the limit cycle of the switching function ( ) t σ as follows.
where ( ) N a is the describing function of the nonlinear element Eq. (32) (14) , and is given by ( ) 
Journal of System Design and Dynamics
Vol. 5, No. 5, 2011
If a limit cycle of the switching function
exists, the following equation should be satisfied. Figure 10 shows the graphic knowledge for the existence condition of the limit cycle. For the existence condition Eq. (37), the condition can be concretely described as follows.
The first step of the procedure for calculating the parameter values is determining the frequency ω and the amplitude a of the desired limit cycle. Then, the next step is calculating the parameters of the control input Eqs. (31) and (32) to satisfy the following conditions. 
Numerical simulation
In order to investigate the performance of the proposed sliding mode controller, numerical simulations were carried out by the numerical analysis software MATLAB/Simulink. In the simulations, the plant was given by the nonlinear model shown in Fig. 6 , and the normal pressure of the rudder was assumed to be given by the following model Table 1 shows the parameters for the numerical simulations. The parameter ) (t d r shown in Fig. 5 is assumed to be a constant. The damping ratio ζ is selected as 1.00 so that responses of the second order closed loop system derived from the state feedback control Eq. (20) have no overshoot, which could invite excessive roll motion of pleasure boats.
The endurance deterioration of actuators is caused by various factors such as the kind of loads, the current of actuators, and the surrounding condition of actuators. In this study, the angular velocity of the electric actuator, which is the time derivative of the control input u(t), is regarded as an evaluation of overload of the actuator. The angular velocity can affect mechanical and electric endurance of actuators.
Accuracy of limit cycle of switching function
The accuracy of the limit cycle led by the proposed sliding mode controller should be verified, since the describing function method is known as an approximation method for finding a periodic solution. Then, numerical simulations were carried out to investigate the accuracy of the limit cycle when 0 ) ( = t P N . For the desired rudder angle 6 / π δ = , Table   2 shows the accuracy of the limit cycles and controller parameters for each conditions. From this table, it can be seen that error of the frequency is 0.0～7.3%, and the error of the amplitude is 1.3～7.0%. Thus, the proposed controller could occur almost desired limit cycles. Figures 11～14 show the simulation result for ω =314 [rad/s], a=0.1 as an example of the control efforts. From these figures, it can be seen that the continuous control input of the proposed controller could achieve the precise servo performance and restrain the load of the actuator. 
Verification of robustness against disturbance
The controller parameters for a limit cycle with a =0.1, ω =314 in Table 2 were employed as an example. To verify the robustness against the disturbance, some step functions were used as the desired rudder angle ) (t δ .
Being evaluated the robustness against the normal pressure of the rudder and the continuity of the control input, the proposed sliding mode controller was compared with two control laws. One of the control laws is a linear state feedback control defined by Eq. (20), and the other is a conventional sliding mode controller shown in § 3.3. The parameters of the two controllers are shown in Table 1 . Fig.11 Step response of rudder angle with proposed sliding mode controller (no disturbance) Table 3 shows the relative rate of the steady state error for the desired ruder angles of some step heights. Table 4 shows error of the rise time for some desired ruder angles. As an example, Fig. 15 shows the time response of the rudder angle for the desired angle / 9 π .
From those tables and the figure, it can be seen that two sliding mode controllers could provide sufficient robustness against the normal pressure of the rudder, although the linear state feedback control brought large influence on the disturbance. Figure 16 show the time response of the switching function for the proposed controller. It can be seen that almost desired limit cycle could be generated except a few offset and loss of the amplitude. Figure  17 shows the control input of the two sliding mode controllers, and Fig. 18 shows the time derivative of the control input regarded as the load for all the controllers. From these figures, it can be seen that the proposed sliding mode controller could make the continuous control input, although the conventional sliding mode controller with the relay input provided high frequency switching to cause large load of the actuator.
Order Table 3 Steady-state relative error rate for order angle Table 4 Error of rise time Fig.15 Step response of rudder angle against disturbance 
Conclusions
For the rudder angle servomechanism in SBW system of pleasure boats, a sliding mode controller with continuous control input was proposed. With the nonlinear feedback against the hydraulic steering mechanics, the plant could be dealt as a strictly linearized system including the unknown disturbance. For the switching function defined to remove the influence of the disturbance, the twisting algorithm was applied as a switching input of the proposed sliding mode controller. The controller parameters were determined by the describing function method in order to occur an ideal limit cycle of the switching function. Then, the proposed controller could bring continuous input to achievement of the limit cycle in the vicinity of the switching surface. The simulation results demonstrated that the proposed sliding mode controller could cause a desired limit cycle with the allowable margin of the error, and could provide continuous input to improve the load of the actuator. 
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